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SHEAR IN CO AND C1 BENDING FINITE ELEMENTS

ISAAC FRIEDt

Department of Mathematics, Boston University, Boston, Massachusetts 02215

Abstract-The Kirchhoff assumption in thin elastic plates results in a biharmonic equation for the lateral
deflection and a C 1 deflection field is therefore required in the finite element method for their approximate solution.
By considering the thin plate as a three dimensional solid and by discarding the Kirchhoff assumption, the
continuity requirement for the displacements is reduced to CO The stiffness matrix produced in this way becomes,
however, violently ill-conditioned as the thickness t of the structure is reduced. It is shown here that the factor
l/t2 causing this ill-conditioning can be removed from the stiffness matrix and consequently from its condition
number by relating the thickness t to the diameter of the element h, without losing the rate of convergence pro
vided by the degree of the shape functions inside the element. This is used here to construct a well-conditioned
9-degrees-of-freedom plate bending element which is only CO but which converges quadratically to the C 1 solution
(Kirchhoff solution) of thin plates.

Addition of shear to C1 elements is also considered.

INTRODUCTION

EXTENSIVE effort [1-6] has been invested in constructing bending elements which include
shear. This has been done for two purposes: first, for the proper inclusion of shear in thick
(sandwich) structures to obtain a more realistic element; secondly for avoiding the con
tinuity of slopes requirement in fourth order (such as bending) problems. By regarding the
thin structure as a three-dimensional elastic solid and by discarding the Kirchhoff assump
tion that normals to the middle surface remain so during bending, the continuity of slopes
requirement is replaced by the equivalent (but simpler to satisfy) requirement that both
the normal and tangential displacements along the cross sections be continuous between
adjacent elements.

Starting with the basic equations of elasticity and performing the various approx
imations en route, rather than starting with a ready shell theory is certainly attractive.
However, if shear is added to a CO element (sayan element with a quadratic approximation
for the normal displacement inside it) then as the thickness of the structure is being reduced
the condition of the global stiffness matrix increases without bound causing numerical
difficulties when applied to thin structures.

The cause of this ill-conditioning in the stiffness matrix is the factor 1/t2 appearing in it,
where t denotes the thickness of the structure. For a Kirchhoff plate the addition of
shear can be considered as an error which, when measured in the energy is 0(t2). This means
that if the plate is thin there is no use to substitute into the energy expression the true t
since the finite element discretization error might be overwhelming, Here the thickness t
is related to the element size h such that the shear and discretization errors are balanced,
The thickness t is being reduced as the mesh is being reduced, In this manner thin, beam,
plate and shell finite elements can be constructed which are only CO (and hence easy to build)
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but which converge to the C 1 (Kirchhoff) solution of thin structures. Moreover, the con
dition number of the resulting global matrix grows with h like 0(h- 4

) [10J as with pure
bending (C1

) finite elements.
The paper contains an actual derivation and numerical experiments with a 9-degrees

of-freedom triangular plate bending element which is only CO but which converges quad
ratically to the solution ofthin, shearless plates. A numerical constant in the element stiffness
allows also a control over its stiffness (or flexibility).

If the shear is superposed on a C 1 element (such as the standard 4-degrees-of-freedom
Hermitian beam element) and if the nodal variables are properly chosen and scaled then
as the thickness of the structure is being reduced the resulting matrix converges back to the
original C 1 element without shear; its condition number being that of pure bending
matrices.

Additional computational problems resulting from the coupling between the tangential
and normal displacements in curved shells are discussed in Ref. [7].

Discretization and round-off errors in eigenproblems are discussed in Refs. [8,9].

STRAINS AND ENERGIES

The basic ideas of this paper will be first explained on explicit one dimensional beam
problems.

Let cP, wand u denote the rotation of the cross section with respect to the middle line
(with the Kirchhoff assumption ¢ = 0), the normal displacement of the middle line and
the tangential displacement of the cross section, respectively. Assume also that there is no
normal displacement relative to the middle line. It is simplest to assume that the cross
section remains straight during bending. Then

( dW)
U= -Y ¢+-

dx
(1)

where x denotes the coordinate along the middle line and y along the normal to it. With
equation (1) the shear strain is just ¢' since

_(dU + dW) = ¢.
dy dx

(2)

The assumption that the shear is constant along the normal introduces a relative error
ofO(t2

) in the total elastic energy and an error 0(1) in the shear energy, where t denotes the
thickness of the structure. An obvious way to improve the accuracy of the results is to
provide for a better approximation of the shear along the normal with more degrees of
freedom. A more realistic variation of ¢ along the normal without increasing the number
of nodal degrees of freedom may also be expected to improve the accuracy, at least in the
interior. For instance, the shear can be varied quadratically along the normal, vanishing
on the surfaces, but made to depend on only one degree offreedom ¢. Thus

(3)
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(4)

(6)

(7)

(5)

(8)

where - tl2 :s: y :s: tl2 and hence

u = _<p(y_~l) _dw y.
3 t 2 dx

In a laminated thin structure the shear can again be made to depend on only 1-degree
of-freedom but to vary along the cross section in accordance with the variation of the
elastic properties of each layer.

More details about the stress distribution near boundaries, point forces or corners can
be obtained with a local fine mesh of spatial elements.

For a linear variation of u along the cross section, the direct strain e becomes

e = _ y(d<P + d
2

W)
dx dx2

and the bending energy Vb for a beam of unit length is therefore of the form

_! Et3 II (del> d2W)2
Vb - 2 12 0 dx + dx2 dx

while the shear energy V s is of the form

V s = ~Gtf <p 2 dx

where E and G denote the elastic tension and shear moduli. The total energy V = Vb + V s

can be written as

1 Et
3 [II (d<P d

2W) 2 12G 1 II 2 ]V=-- -+- dx+-- eI> dx .
2 12 0 dx dx2 E t 2

0

In the variational formulation of the elastic problem the total potential energy is mini
mized. The ever increasing factor 11t2 before the second integral in equation (8) means
then that as t tends to zero, <P is also forced to zero. In the finite element analysis, the
introduction of shear in thin bending elements can be interpreted as enforcing a C I con
tinuity in the least squares sense.

CO ELEMENTS

Elements with which it is impossible to assure the continuity of slopes by just assembling
them together are termed CO elements. The computational aspects of the inclusion of
shear in such elements is studied in this section on an element with three nodal points
between which the normal displacement w is interpolated quadratically. Obviously this
element cannot be used directly in bending problems since only 11' but not dw/dx is con
tinuous across elements. To this element shear is added, therefore, through two additional
degrees of freedom <P I and <P2 at the extremities and the shear <p is interpolated linearly
between them. The element is associated now with the 5-degrees-of-freedom WI' <PI' 11'3,

11'2' <P2 and is, in fact, the one dimensional version of the 9-nodal-point shell element dis
cussed in Ref. [17]. For insuring the continuity of both u and w across the elements, eI> is
replaced by the total rotation 8 = dw/dx + <P and the element becomes associated with the
nodal degrees of freedom WI' 81 , 11'3, W2 , 82 ,
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Let h denote the length of the element. With x = h~ the interpolation formula for w
reads

(9)

while that for cP reads

(10)

(11)

From equations (9) and (10) and with () = dw/dx + cP it results that

cPI = (-3Wl-W2+4w3-h()t!/h

cP2 = (WI +3w2 -4w3 -h()2)/h.

Introducing cP and w as given by equations (9) and (10) into the energy expression (8),
yields, together with equations (11), the element stiffness matrix k in the form

1 -1

-1 1

14 5 -16 2 1

5 2 -4 -1 1

-16 -4 32 -16 4

2 -1 -16 14 -5

1 1 4 -5 2

} (121

where I = t 3/12. The matrix k in equation (12) refers to the nodal variables WI' 8I' W3' w2 ,

82 where 8 = he. Since W3 is an interior degree of freedom it can be eliminated by "static
condensation" (which is in fact a Gauss elimination).

The global stiffness matrix K can be written in the general form

EI[ 2G(h)2 ]K = J13 Kb +T t K s (13)

and K b and K s include only numbers. Due to the existence in the beam of pure bending
modes and pure shearing modes, both K b and Ks are singular, but not K.

The maximum eigenvalue A~ of the global stiffness K is readily found to be of the form

(14)

where CI and C2 are independent of t and h. For a small t the minimum eigenvalue of K,
Af, is nearly pure flexural and therefore [10, 11J

(15)

where c3 is again independent of t and h (the power 4 in h is, in fact, only approached as
the degree of the shape functions increase). Assuming that 2G = E, the spectral condition
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number Cz(K) = A~/Af of the global stiffness matrix K becomes

Cz(K) = c4 h- 4 +cs(1/t)Zh- z

or

453

(16)

(17)

where N e = h- 1 denotes the number of elements in the one dimensional mesh. In two
dimensional problems N e is to be replaced by Nes~the number of elements/side (see the
extensive discussion in Refs. [10-12J). The appearance of l/tZ in the expression for Cz(K)
in equation (17) causes Cz(K) to grow without bound as t is reduced to zero. For a small t
and a small number of elements (h » t) the second term in equation (16) is much larger
than the first one and therefore approximately

(18)

In fact, numerical calculation yields for a cantilever beam and the element in equation (12)

(19)

(20)

An expression for Cz(K) similar to the one given in equation was also found in Ref. [19J
by a direct calculation of the extremal eigenvalues of K.

According to Bauer [13,14J the round-off error Ilbxll z = (bxTbx)l/Z, committed ill

solving the linear system Kx = b on a computer with s decimals is given by

Ilbxll z = Cz(K)IO- s .

Ilxll z
Hence a high condition number spells numerical trouble and for Cz(K)10- s

;::: 1 the
matrix K is practically singular. Singularity in the stiffness matrix just established is quick
to come. It becomes singular when

(21)

is reached. On a computer with 7 decimals and with t = 1/100, the stiffness matrix assembled
over 10 elements is already singular.

It will be shown now that the factor l/tZ can be removed from the element stiffness
matrix in equation (12) and hence from Cz(K) in equation (17) while retaining the full accuracy
provided by the shape functions. The resulting CO element thus constructed will be applicable
to shearless (Kirchhoff) thin structures.

If w is interpolated inside the element b¥ a complete polynomial of degree p then the
error in the energy [15, 16J for the shearless structure is O(hZ(P-l)) (one has to notice for
this that if the exact solution is a polynomial of degree p then the finite element exactly
fits this C1 surface). For the 3-nodal-point element of this section p = 2 and the error in
the pure bending energy is O(hz). Shear changes the energy by O(tZ). Therefore, if the beam
is very thin, introducing the exact value for t into the stiffness matrix in equation (12) is
not justified if the discretization errors are still large. With a small number of elements the
discretization error [which is O(hZ(p-l))J might be much larger than the shear effect [which
is O(tz)]. To fix ideas consider a cantilever beam with a tip force. With one element the tip
deflection is given by

tip deflection = itZ +i (22)



454 ISAAC FRIED

(23)

the exact tip deflection for a shearless beam being -j-. If t is set equal to zero in equation (22)
the tip deflection becomes*and the discretization error is /2. If t is set equal to 1 in equation
(22) the tip deflection becomes f2 with an error equal to - /2' and for t = 0 and t = 1 the
errors are comparable. The best value for t to be introduced into the element matrix is that
for which the discretization error and the shear effect are balanced. This occurs with

t2 = !h2(P-I)

C

where c is a proportionality coefficient. For the quadratic (p = 2) element of this section
t = (l/c)h and with the arbitrary choice of c = 1 the element stiffness matrix k in equation
(12) becomes

14 5 -16 2 1

5 3 -4 -1 0

-6 -4 32 -16 4

2 -1 -16 14 -5

1 0 4 -5 3

(24)

This is a CO element (non Kirchhoff) but it converges to the solution of a shearless
(Kirchhoff) beam with an energy rate of convergence 0(h 2

), while its condition number
is 0(h- 4

) as with C I bending elements.
The accuracy of the tip deflection in a cantilever beam discretized with the element

matrix k in equation (24) was tested also numerically and it was found that

relative error in tip deflection = OAh 2 (25)

verifying that this element is of quadratic accuracy. It was also found numerically that in
this case C2(K) = 50 h- 3.2.

The coefficient c in equation (23) controls the flexibility of the element. If c is decreased
the matrix becomes more flexible (tip deflection increases). An optimal c can be selected
based on numerical experiments. An exact tip deflection, for instance, is obtained with
c = ~2.

A similar control over the flexibility of the stiffness matrix is claimed by the "reduced
integration technique" [17, 18].

C I ELEMENTS

An element assuring continuity of both displacements and slopes is termed a C I

element. The simplest in one dimension is with the four nodal values WI' Wxl , W 2 , W x2

(wx = dw/dx). Shear is superposed on this element by adding to two degrees of freedom
11 and 12 at the ends and interpolating 1 linearly. It is easily shown that if dw/dx is re
placed by the total rotation e = dw/dx +1, then the scaling

1=$~2 (~
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avoids l/t 2 in C2(K). Indeed, the element stiffness matrix k in this case is given by (with
2G = E)

12 6 6r -12 6 6r

6 4 3, 6 2 3

6, 3, 3,2+2 -6r 3, 3,2+ 1

-12 -6 6r 12 6 -6,

6 2 3 -6 4 3,

6, 3, 3,2 + 1 -6, 3, 3,2+2

(27)

where T = hit. The stiffness matrix in equation (27) refers to the nodal variables WI' OJ,
¢ I' W2' O2 , ¢2' Evidently, as t is reduced to zero, k in equation (27) converges back to the
stiffness of the standard beam element plus the condition ¢ = O. In the case of shearless
beam and plate problem the condition number of the global stiffness matrix K is of the
general form [11, 15J

(28)

where N es denotes the number of elements/side and where C7 is independent of N es '

Since the coupling of the shear ¢ (or ¢) between the elements is optional, ¢l and ¢2
can be eliminated from k by "static condensation".

It should be well noticed that the elimination of l/t 2 from C2(K) is due to the particular
choice of the nodal variables O~the total rotation and ¢~the shear. This would not have
been possible with the nodal variables eand W x '

TRIANGULAR AND RECTANGULAR BENDING ELEMENTS

Let the elements lie in the x, y plane such that z is normal to the middle surface of the
plate. We concentrate in this section on the simplest plate bending element~a triangle
with the 9-degrees-of-freedom WI' Wxl ' wyl , W x 2' tvy2' W3' W x 3' W y3 at the vertices, where
W x = ow/ox and wy = ow/8y. This element has the same degrees of freedom as the Cl

Hsieh-Clough-Tocher (HCT) element [20] obtained by dividing the element into three
sub-triangles. The derivation of its companion 12-degrees-of-freedom rectangular element
with w, W x and wy at the corners is completely analogous to that of the triangular element.

The shape functions for the lateral deflection W inside our triangular element include
a complete polynomial of the second degree and for an element with vertices at (0, 0),
(1,0), (0, 1) they are 1, x, y, x 2, xy, y2, x3, x 2y_ xy2, l. With this, W varies cubically along
the sides of the element and a CO continuity is assured for wand for ow/as where s is a co
ordinate parallel to the sides of the elements.

We introduce now the total rotation of the normal to middle surface Ox and Oy relative
to the x and y coordinates, respectively. These rotations are interpolated inside the element
in such a way that along the sides of the element Os = ow/as (no shear) and also such that
the rotation On normal to the sides of the element varies linearly along the sides. This
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implies in particular that at the nodal points, 8x ow/8x and 8y = ow/8y and the intro
duction of 8x and 8y can hence be interpreted as an independent interpolation of IV, t'w/cx
and ow/ay. Obviously, the way we interpolated 8x and 8y assures their continuity across
the boundaries of the elements.

We assume the displacements u and v parallel to the middle surface of the plate to
vary linearly along z. Then

and the six strain components exx ' eyy ' e==. exy ' exz and t'y= become

(29)

_(a8x +a8y) z,
(1y ?x

and

exx =
(i8__x.,.
(lx -, eyy =

e,= =

e== = 0,

(lw
-8 +

x Ox

(30)

Following the notation of the first section on strains and energies we have ex= -rPx
and eyz = - rPy.

Let h denote again a typical length in the element (say length of largest side). We trans-
form the element from the x, y, z system to the ~,IJ' z system where x = h~ and y h;l.
After performing the integration in the z direction the elastic energy U becomes

(h)2f [((1W )2 (8W )2J }+12 t t. 8~-{)~ +81J-O~ d~dlJ (31)

where A' denote the limits of integration in ~, IJ, where E is the elastic modulus, where
(j~ = 8x h and ()~ = 8yh, and where the Poisson ratio was assumed to be zero.

Since the shape functions for w include a complete quadratic and those of 8x and 8y

a complete linear polynomial the asymptotic energy role of convergence of this element is
O(h 2

). Hence a balanced discretization and shear errors is obtained with t 2 = h2/e where
e is a positive constant. The element stiffness matrix derived from equation (31) with
t 2 = h2/e becomes then of the form

(32)

where kb and ks are the bending and shear portions. By raising the value of e in equation (32)
we can make the element stiffer. In the following numerical experiments we determine the
influence of e on the stiffness of the matrix and select the one giving consistently the best
results. One should notice, however, that the asymptotic energy convergence O(h 2

) is assured
for this element independently of the choice of c in equation (33).

Figures 1 and 2 show the results of a static and dynamic experiment with the present
triangular element used to discretize a square simply supported plate. Figure 1 shows the
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FIG. I. Convergence of the central deflection w, vs. the number of elements/side N", in a simply
supported square plate acted upon by a point force at the center. The curve HCT refers to discretization
with the Hsieh-Clough-Tocher element. The other curves refer to discretization with the present

element with different values of the constant c in (2 = h2/c.

convergence of the central deflection (energy) vs. the number of elements/side N es of the
plate acted upon by a central unit point load and with Et3/12 = 1. This central point is
a singular point but since the element is O(h 2

) and the singularity of the form r2 log r the
full rate of convergence is obtained [21J with a uniform mesh. It is clearly seen from Fig. 1
that as e in t 2 = h2/e is increased the element becomes stiffer and for e > 4 the energy

40 1r----~---.--------,

397 +-__--+-+-_------>.,L.---j

D5T....
393 +------#------..1

4 6
Nes389 ~----+-----~"-=

2

FIG. 2. Convergence of the first eigenvalue ).1 of a simply supported plate discretized by the HCT
element and by the present element with (2 = h2 /6.
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(29)

convergence is from above. Figure 1 also shows the convergence of the Hsieh-Clough
Tocher (HCT) element for the same problem. Figure 2 describes the convergence of the
first eigenvalue A. 1 of a simply supported square plate discretized with the present element,
the HCT element (results from Ref. [22]) and the 9-degrees-of-freedom element of Oungar,
Severn and Taylor (OST) [23] obtained by the assumed stress technique of Pian [24].

The mass matrix for this dynamic analysis was calculated only from w ignoring the
rotary inertia.

Calculations were carried out with 14 decimals to minimize the effect of round-off
errors.

We conclude from these experiments that c is a reasonable choice for 6.

CONCLUDING DISCUSSION

When shear is added to a CO element for use in bending problems the global stiffness
matrix becomes of the form

K = Kb+(~rK,
where K b and Ks are the bending and shear portions and where hit is the diameter to thick
ness ratio of the element. This inclusion of shear in thin structures can be regarded as en
forcing a C1 continuity (the Kirchhoff assumption) in the least squares sense with a large
weighting factor l/t2

• The stiffness matrix in equation (29) is associated with the spectral
condition number (ratio between maximum and minimum eigenvalues of K).

(30)

where C8 is independent of the thickness t and the number of elements/side N es ' Equation
(30) indicates that as t is being reduced the condition number of the stiffness matrix K
increases without bound causing numerical difficulties in thin walled structures.

If the shape functions for w inside the element include a complete polynomial of degree p
then the error in the bending energy (neglecting shear) is 0(h2

(P- 1)). The addition of shear
to a shearless structure can be considered as an error term which is 0(t2

). This means that
even if the structure is shearless the discretization accuracy does not warrant the introduction
of the exact small t into K in equation (29) and the full rate of convergence 0(h2

(P- 1)) (to the
Kirchhoff solution) is maintained with

(31 )

where c is a proportionality coefficient. Introducing t2 as given in equation (31) into Kin
equation (29) results in

(32)

with the condition number

(33)

and l/t 2 is removed from C2(K). For the quadratic element discussed in this section p = 2
and CiK) becomes O(N:s) as in pure bending problems. For higher order elements
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(larger p) the matrix becomes, with the same number of elements, more ill-conditioned but
the discretization accuracy is also higher and one needs less elements for a given accuracy
in the results.

The factor e before the shear matrix K s in equation (32) controls the stiffness of the
matrix K. Increasing e increases the stiffness of K and the best e yielding the most accurate
element can be selected based on numerical computations.

This technique was used here to construct a triangular plate bending element with
the three nodal values w, Wx and wy at the vertices. The total rotations Ox and Oy of the
normal to the middle surface where chosen in such a way as to assure a CO continuity for
them but so as to give rise to no shear along the sides of the element. This means that at
the nodal points Ox = ow/ax and Oy = ow/oj'. It also amounts to assuming an independent
interpolation for w, ow/ax and ow/oj'. Since the shape functions for w include a complete
quadratic and those for Ox and 8ya complete linear polynomial, it results that this element
can approximate the Kirchhoff energy up to O(h2

). A balanced shear and a discretization
error is obtained therefore with t 2 = h2/e where e is a positive constant. We conclude from
the present numerical examples that 6 is a reasonable choice for e [notice that the element
assures a quadratic energy convergence O(h 2

) to the Kirchhoff solution for any e]. These
numerical experiments also demonstrate the superior accuracy that can be obtained with
this element as compared to a similar C1 element.

The spectral condition number of the global stiffness matrix generated with the present
element grows like O(h- 4

) as with C 1 bending elements.
It has also been shown that if shear is superposed on a C1 element then with the choice

of shear and total rotation as nodal variables and with proper scaling, l/t 2 does not appear
in C2(K) which is

(34)

as in pure bending problems.
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611rapMOHllqeCKOe ypaBHeHlle ,L:\nll nOnepeqHOrO 1I1m6a II laTeM Tpe6yeTcli none nporll60B C' B MeTO,L:\e
KOHeqHOrO JneMeHTa ,L:\nSl IIX npll6nlllKeHHbIx peweHJ.lll. nyTeM IICCne,L:\OBaHJ.llI TOHKoli nnaCTJ.lHKII, B
CMblcne TpexMepHoro ynpyroro TBep,L:\OrO Tena II oT6poca npe,L:\nOnOlKeHJ.llI Kllpxro(jJ(jJa, CBO,L:\J.lTCli
Heo6xo,L:\IIMOe ycnoBlle HenpepbIBHOCTII ,L:\nll nepeMeweHJ.lll KCo. Ho ,L:\alKe OKa3bIBaeTCSI, qTO onpe,L:\eneHHali
JTIIM crroco60M MaTplII~a K03(jJ(jJIII~lIeHToB lKeCTKOCTJ.I HaXO,L:\IITCli B OqeHb rrnOXOM COCTOllnJ.lII, KOr,L:\a
TonlllllHa T KOHCTpyKlI,J.lH YMeHbwaeTCli. Orrpe,L:\enlieTCli 3,L:\eCb qTO rrOBO,L:\ nora rrnoxoro COCTOllHlIlI, TO
eCTb OTHoweHHe I/T 2 MOlKHO y,L:\anHTb 113 MaTpHlI,bI K03(jJ(jJHlI,lIeHTOB lKeCTKOCTII H Cne,L:\OBaTenbHO, H3
qllcna IIX ycnoBlIll, rryTeM COOTHOllleHHlI TOnlllJ.lHbI T K ,L:\lIaMeTpy JneMeHTa h, 6e3 3aBTpaTbI CKOpOCTH
CXO,L:\HMOCTII, KOTopallllBnlleTCli 06eCrreqeHHalicTyrreHeM (jJYHKlI,lI11 (jJOPMbl BHyTpll JneMeHTa. npe,L:\naraeMbIli
cnoc06 J.lCrrOnb3yeTclI, l,L:\eCb, C lI,enbbl rrOCTpoeHlIlI XopOWO 06ycnoBneHHoro H3rll6aeMoro JneMeHTa
rrnJ.lTbI, 9 CTerreHH CB060,L:\bl, KOTOPbIli TonbKO CO, HO CXOll,IITCli KBa,L:\paTHqeCKH K peUJeHHIO Cl.
06cYlK,L:\aeTCli l'tlKlKe npH6aBneHlIe CJlBllra K :meMeHTaM C'.


